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Abstract

A totally irregular rotal k-labeling f: VOE — {1,2,3,..., klisalabeling
of vertices and edges of G in such a way that for any two different vertices x
and y their vertex-weights we,(x) # wi,(y) where the vertex-weight wi,(x) =
A{x)+ 2, h(xz) and also for every two different edges 1y and X'y’ of G their

ayell
edge-weights wi(xy) = A(x) + A(xy) + A(y) and wi,(x'y) = h(¥) + (XY’ +
h(y') are distinct. A total irregularity strength of graph G, denoted by £5(G)
is defined as the minimum 4 for which a graph G has a totally irregular total
k-labeling. In this paper, we investigate some wheel related graphs whose
total irregularity strength equals to the lower bound.

Keywords: vertex irregular total k-labeling; edge irregular total k-labeling; total
irregularity strength,
AMS Classification (2010): 065C78

1 Introduction

Let G be a finite, simple, and undirected graph with the vertex set 'V and
edge set E. A labeling of a graph G is a mapping that carries a set of graph
elements into a set of numbers (usually to positive or non-negative integer), If
the domain of mapping is a vertex set, or an edge set or a union of vertex and edge
set, then the labeling is called vertex labeling , edge labeling or total labeling |
respectively. Bata et.al [3] defined a labeling f: VIG)U E(G) — {1,2,3,...,k}
to be a vertex irregular total £-labeling if for every two different vertices x and y the
vertex-weights wiy (x) # wez(y) where the vertex-weight wef(x) = fOO+ T Flxz)

xeE
A minimum & for which G has a vertex irregular total k-labeling is called as the
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total vertex irregularity strength of G and denoted by tvs(G). They obtained the
exact values of the total vertex irregularity strength of cycle, star, complete graph
and prism. Moreover, Nurdin et al. [11] proved the exact value of the total vertex
irreguiarity strength for any tree T with » pendant vertices and no vertex of degree
two, that is vs(T) = [251]. Balaetal. [3] defined a labeling ¢ : VU E —
(1,2,...,k} to be an edge irregular total & labeling of the graph G if for every two
different edges xy and 1’y of G the edge-weights wig(uv) = d(u) + p(uv) + $(v)
and wig(u'v'y = ¢(u’) + $(u'v') + (v') are different.  The rotal edge irregularity
strength tes(G) is defined as the minimum % for which G has an edge irregular
total 4-labeling. Also, they obtained the exact values of the tes of path, cycle,
star, wheel and friendship graph. Ivancs and Jendrol (7] proved that

_ [(A(GHI) } )

2
Indriati et al. |4, 5] determined by the tes of generalized helm and generalized
web graph.  We found |8, 9] the total edge irregularity strength of the disjoint
union of wheel graphs such as closed helm graph CH, and flower graph Fi,.

(EG) +2)
3

tes{G) = max{{

(2)

tes(CH,) = Fm + 2],& = 3.

tes(FL,) = 4”:21,&3. - 3)

Indriati et al. {6] found the total edge irregularity strength of the helm graph H,.

tes(Hpy) =n+1,n23. @

Ivancd and Jendrol | 7] posed the followin g conjecture.

Conjectore 1.1.  |7] Let G be an arbitrary graph different from Ks. Then

. tes{G) = max{ [(]E(G)I A 2)} s {(A(G) A 1)] } (5)
3 2
Moreover, they proved that for any tree T
res(T) = max{ [GE(T%' ? 2)1, [(A(T; ? ”] } ©)

Nurdin et al. {11] determined the lower bound of tvs for any graph G.

Theorem 1.2. (/] Let G be a connected graph having w; vertices of degree i
(i=06,6+1,6+2,..,40)where § and A are the minimum and maximum degree of
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G, respectively. Then

A
g+ X(m) -
J+ ns O+ ng + ng.y =8
tvs(G) 2 max [5+1H 512 ] A+] )

Also Nurdin et al. [11] posed the following conjecture.

Conjecture 1.3. [11] Let G be a connected graph having n; vertices of degree i
where § and A are the minimum and maximum degree of G, respectively. Then

A
vs(G) = max [ J +na] [6+m+n§“] m o
= (5+l ' ‘5+2 ey A+1

Ahmad et al. |1} found the total vertex irregularity strength of helm graph H,
and flower graph F1,,. '

rw(Hﬂ:FZl],nzA | | ()
ts(FL,) = [2" 5+ 2] >4 (10)

Combining the ideas of vertex irregular total k-labeling and edge irregular to-
tal k-labeling, Marzuki et al. [10] introduced another irregular total k-labeling
called the torally irregular total k-labeling. A labeling £ : V(G) U E(G) —
{1,2,3,...,k} to be a totally irregular totalk-labeling of the graph G if for ev-
ery two different vertices x and y the vertex-weights wi,(x) # wip(y) where the
vertex-weight wi,(x) = h(x) + Y, h(xz), and also for every two different edges

xef
xy and X'y’ of G the edge-weights wi,(xy) = h(x) + h(xy) + A(y) and wip(x'y') =
h(x"Y+h(xX’y")y + h(y") are distinct.  The toral irregularity strength 15(G) is defined
as the minimum & for which a graph G has a totally irregular total 4-labeling.  For
the total irregularity strength of a graph G, they observed that

ts(Gi > max {tes(G), tvs(G)} . {11)

They also determined the total irregularity strength of cycles and paths. Ramdani
and Salman [12] obtained the total irregularity strength of some Cartesian product -
graphs. Ramdani et al. [13] determined the total irregularity strength of gear
graph G, n 2 3, fungus graph Fg,, n > 3 and disjoint union of star mS ,, n,m 2 2.
Also, Ali Ahmad et al. |2] obtained the total irregularity strength of generalized
Petersen graph. In this paper, we investigate some wheel related graphs whose
total irregularity strength equals to the lower bound. In addition, we show that
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these graphs admit totally imregular total 4-labeling. Further we determine the
exact value of theirzs. We use the following definitions in the subsequent section.

Definition 1.4. The helm graph H, is obtained from a wheel by attaching a
pendant edge at each vertex of the n-cycle. Thus the vertex set of Hy, is V(H,) =
{v,vioui . 1 £ i < n}and the edge set of H, is E(H,) = {vv;, vivier,viti 1 | €1 < n)
with indices taken modulo n.

Definition 1.5, The closed helm graph CH, is obtained from a helm H, by join-
ing each pendant vertex to form a cycle. It contains three types of vertices:
an apex of degree n, n vertices of degree 4 and n vertices of degree 3.  Thus
the vertex set of CH, is V(CH,) = {vi,u;,v ;. 1 < i < n} and the edge set is
E(CH,) = {vvi, vivin, vilti, il 2 1 £ 1 < n} with indices taken modulo n.

Definition 1.6. A double wheel graph DW, of size 4n is composed of 2C, + K|,
that is it consists of two cycles of size n, where all the vertices of the two cycles are
connected to a common hub. Thus the vertex set of DW, is V(IDW,) = {vi,u;,v
I < i< n}andthe edge set is E(DW,) = {vvi, vivie, Vi, uittie) - 1 <0 < n) with
indices taken modulo n. :

Definition 1.7. The flower graph Fl, is obtained from a helm by joining each
pendant vertex to the central vertex of the helm. Thus the vertex set of Fl, is
V(FI,) = {v,vi,u; . | <i< n)andthe edge setof Fly is E(Fl,) = {vvi, vit;, viviy(, Vi
u; : 1 <1 £ n), with indices taken modulo n. :

2 Main Results

In this section,we determine the total irregularitly strength of helm graph
H, for n > 3, closed helm CH, for n >3, double wheel graph DW, for n 2 3and
flower graph Fi, forn = 3.

Theorem 2.1. Let n > 3 and H, be a helm graph with 2n+1 vertices and 3n
edges. Thents(H,)=n+1,n23.

Proof. Since |[V(H,)l = 2n + 1 and [E(Hu}| = 3n by (4)(9) and (11) we have
ts(G) z n+ . For the reverse inequality, we define a total labeling f as follows :
f:VUE = {1,2,3,...,n+ 1} by considering the following two cases.

Case(i): nisodd.

P Sy = flop =i 1<igsn;
fuy=1L1gi<n; |
: fMW=n+1;

S =n+1,1<i<n
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fovvi)=L1gi<n-1;
fvav)=n+1.

From the definition of £, all the vertex and edge labels are at most n+1. The
edge weights are

wiuv) =2i+ 1,1 <i<nm

wt(vivia) =2i+ 2,1 i <ny

witlvww) =2n+2+i,1 €i<n.

Hence the edge weights are {3,4,5,..,2n+ 1,2n+2,2n+ 3,..,3n + 2}. Thusthe
vertex weights are

wiu) =1+i1<i<n
2n + 5, if i=1
wtv)=<{n+3+2, if22ign-1
n+3, if i=mn;

wt(vy = (n+ 1)2.

Hence the vertex weights are {2,3,4,5, ...a+ L a+7,n+%n+11,...3n+1,2n+
5,4n+ 3,(n+ 1)} and all are distinct.

Case(il): niseven.

flu) = fv)=i,1<i<n
fluyp=1,1<i<n;
f=n+1;
Jwp)=n+1,1<i<n
f(V,:V,'+])= 1,1 < i.Sﬂ—' l;
f(vnvl) =n+ 1.

From the definition of f, all the vertex and edge labels are at most n+l “The
edge weights are

wf(ugv,) = 2f + L1<ix<
wr(vv,)—2n+2+¢ 1 < Sn

Henee the edge weights are {3,4, 5, ...,2n+ 1,214+2,2n+3,..,3n+2.}. Thus the
vertex weights are

wiuy=1+i1 <i<m

135

Kopie von subito e.V., geliefert fiir Slovenska pedagogicka kniznica -The Slovak Library of Education (SLI0O8X00001E)



2n+3, if i=1
wt(vi) =sn+4+i, if2<i<n-1|
3n+4, if i=n;

wt(v) = (n + 1)%

Hence the vertex weights are {2,3,4,5,...,n+ l,n+6,n+7,....2n+ 3,2n+5,3n
+4,(n + 1)?} and all are distinct. From the above two cases, this labeling con-
struction shows that ts(H,) < n+ 1. Combining this with the lower bound, we
conclude that ts(H,) = n + 1. This completes the proof. Figure | shows a totally

irregular total labeling of helm graph Hg.
O

‘e

#

Figure:1 1s(Hp) =7

Theorem 2.2. Let n > 3 and CH, be a closed helm graph with 2n+1 vertices

and 4n edges. Then ts(CH,) = [3’3{—2] s> 3.

Proof. Since |V(CH,)| = 2n+ 1 and |E(CH,)| = 4n by (2),(7) and (11) we have
ts(CH,) > [%} Let k = [4”3‘"2] . For the reverse inequality, we define a total
labeling f as follows:

f:VUE = {1,2,3,...,k} by considering the following two cases.

Case(i): nis odd.

fuyv)=2n+2-k1<i<n;
fm=il15ignm
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Juy=k1<i<nm

S =1

fwwdy=1,1<i<n;

Sl =k+1—-i 1 <i<n
f(v,-v,-+1)=n+ =il <i<n—~1;
flvpv)) =n+ 1.

From the definition of f, all the vertex and edge labels are at most k. The edge
weights are

wiluv) =2n+2+{ 1 £i<n;
wilvivpt)=n+2+0L1 <i<n;
wi(vy))=2+i,1<ign,
wiuiiin ) =3k +1 -il <i<h

Hence the edge weights are {3,4,5,..,0+2,n+3,.,2n +2,2n+3,..,3n + 2,
3k, 3k-1,3k-2,3k+ 1 -n).
Thus the vertex weights are

2k 4+ n+ 3, ifi=1
we(u;) = . X
2k+2n+5-20, if2<i<m
S A i <L
Wi (v;) = n+6-k-i, if _l_t_n - 1
dn+6-—k, if i=mn
wt(v) = (n+ 1). '

Hence the vertex weights are (n+ 1,4n +5 -k, dn+4 -k, .., 3n+7 - k,4n +
6-k2k+n+3,2k+2n+1,2k+2n-1,..,2k + 5} and al! are distinct.

Case(ii): niseven.

fu)=k1<i<n

fvy=i1gi<n

fluv)y=2n+2-k 1 <i<n

foy=1, '

fwdy=1L1<i<n

fowvu)=n+1-i1<i<n-1;

Fopv) =n+1;

flupg) = {k +2-2h . !.f l,,s t g_,z.
e=1-2n+2i, if 3+1ci<n

From the definition of f, all the veriex and edge labels are at most k. The edge

weights are
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wt(uv)) =2n+2+10,1 <i<n;
wt(vivig ) =n+2+i, 1 <i<n;
wt(vwi)) =2+1i,1 <i<n;
3k +2 -2, if 1<i<$g
wi(Uildiyy) = e .
3k—-1-2n+2i, if 5-1-15;5!1.

Hence the edge weights are {3,4,5,...n+2,n+3,n+4,...,2n+2,2n+3,...,3n
+2.3k,3k-2,3k-4,...3%k+1-n3k+2-n3k+5-n,..,3k—-3,3k—-1}.
Thus the vertex weights are

wt(v) =(n+1);
wt(vi)=dn+6—-k—-i,1 <i<n;

2k +2n+ 1, if i=1
e 2k+2n+8-4i, if 2<i<}
WIii;) =

2k + 5, if i=5+1

2k ~2—-2n+4i, if 5+2<Li<n

Hence the vertex weights are {n+ |, 4n+5 -k, dn+4 -k, ... 3n+6 -k, 2k + 2n +
1,2k +2n,2k +2n—4,2k +2n — 8,2k + 5,2k + 6,2k + 10, 2k + 14, ..., 2k + 2n - 2}
and all are distinct. From the above two cases, this labeling construction shows
that ts(CH,) < k. Combining this with the lower bound, we conclude that
ts(CH,) = k. This completes the proof. Figure 2 shows a totally irregular
total labeling of closed helm graph C Hg. O

Figure 2:15(CH,,) = 9.

Theorem 23. Letn > 3 and DW, be a double wheel graph with 2n+1 vertices
and 4n edges. Then ts(DW,) = [-‘*—’%*—21,:1 > 3.
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Proof. Since [V(DW,)] = 2n+ 1 and {E(DW,)| = 4n by (1), (7) and (11) we have
ts(DW,) > [4“2-‘ Let & = [M] . For the reverse inequality, we define a total

labeling f as follows : -3

fv)=kl1<ign

fay =151, 1gi<n—1;

Sflus) = 1,

foy=[5s

fovy=2n+2-[§]-k+il<isn
3—[%;—[%%]4-:, if 1gisn-2

fltitdig1) = qn+1 -2}, if i=n-1]
1, if i =n;

P v LR AR

2n l"[i]’ if i=n

Im+2—2k+i, if n=0(mod3),l<i<n-1
k, : if n=0{mod3),i=n

vV =
fivis) 3n+2-2k+i, if n=1,2(nod3), 1 <i<n

From the definition of £, all the vertex and edge Jabels are at most k. The edge
weights are

34i, ifl<i<n-=2
wt(u,-u,-+1)= ﬂ+2, If i=n—-]
3, ifi=n
wivig) =n+2+i 1 <ign
wiwi)=2n+2+i,1<i<n;
3n+24+4, if n=1,2(mod3),1<ign
wHvivie1) =43n+2+i, if n=0(nod3), | <ig<n-1
3k, if n=0(mod3),i=n

Hence the edge weights are {§,4,5 e i42043,0+4,...2n42 2n43,...,3n+2 } and
{3n+3.3n+4,...4n+2) (or) {3n+3,3n+4,...,4n+1 3k }.Thus the vertex weights are

Ton-[82]-2[2]-[2]-[4]+3i if 1gisn-2
wt(i)) ={dn+3 — ”2 ]— [g - -;} , if i=n-t
A3n+4- §-|— %] if i=n
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Ir9‘,vz—~4rk+8—|.§-|, if n=1,2(mod3),i =1

8n-4k-[-§ +5+3i, if n=1,2(mod3),2<i<n
wt(vi) ={Sn—k +6— %] if n=0(mod3),i=1.

8n — dk — [% +543i, if n=0(mod3),2<i<n-1

7r1+1—[-§-1 if n=0(mod3),i=n;

n—1

wr(v)—[ ]([~2n) 5n — nk + 4n*- Z[%]—I.

i=1
- [-ﬂ 4n +

PSSR |

Hence the vertex weights are { n+5-|-§-t, ndn + 1 - 2[%] -2 l-”z—+l-

3-[5t-2[8] - [4].3n+ 4 [4] - [2]) and (9n — 4k + 8 — [£].8n — 4k +

1= [4].8n—dk+ 14— [4]...1in—dk+5-[4](on(5n -k + 6 - [4],7n +

k

2
3—k—-[4].8n—ak+11-[4].8n—dk+14-[4]. . lin-dk+2-[4] all are
distinct. This labeling construction shows that f.‘l{DWnJ < k. Combining this
with the lower bound, we conclude that ts(DW,) = k. This completes the proof.
Figure 3 shows a totally irregular total labeling of double wheel graph DWs. O

(ST

1
Figure 3:1vs(DW,) = 9.

Theorem 2.4. Let n > 3 and Fl, be a flower graph with 2n + | vertices and 4n
edges. Then ts(Fl,) = [ifiﬂ],n > 3.

Proof.  Since |V(Fl,)| = 2n + | and |E(FL,)| = 4n by (3), (10) and (11) we have
ts(Fl,) > [4”3*2]. Let k = [4”+2]. For the reverse inequality, we define a total
labeling f by considering the following two cases.

Case(i): 3<n<6andn=S8.

For Fl5

JO) = 1, f(v1) = 3, f(v2) = 4, f(v3) = 5, f(uy) = fluz) = fluz) = 1, f(vyvp)
f(‘.’zl{a,) f(v_:,\i) = § f(VV|) = _f(v1=’2) = f(VU}) = 2 f(V]N]) f(l’zuz) —
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Jwsuz) =5, flvee) = flvaz) = flvus) = 3.

For Fl,

JW) = L fv) = 4, f(va) = 5, f(va) = 6, f(va) = 6, fluy) = fluz) = fluz)
L, fua) = 2, f(vivz) = flvavs) = f(vswg) = fvavy) = 6, fov)) = f(vvy)
Jvs) = 2, f(vvg) = 3, fiviuy) = f(van) = flvais) = flvaug) = 6, f(vuy)
I, fvuz) = 2, f(vus) = 3, f(vug) = 3.

i n

For Flg

JO) = L f(v)) =5, f(va) = 6, f(v3) = 7, fva) = 7, flvs) = 7, fuy) = fl) =
Suz) = 1, flug) = 2, fus) = 3, fviva) = 7, f(vav3) = 6, f(v3va) = 8, flvavs) =
7, flvsvi) = 8, f(vwr) = f(vvz) = f(vwva) = 2, f(yva) = 3, flvvs) = 4, f(viuy)
fOaud) = flvsia) = flvaug) = flvsusy = 7, flvin) = flvua) = flvuz)
l’f(vuﬂf) = 2= f(vHS) = 3.

For Flg

FO)y = L) =6, f(v2) = 7, f(va) = 8, flva) = 8, flvs) = f(ve) = 9, flu1) =
Sua) = flus) = flus) = 1, f(ua) = flug) = 2, f(viva) = 8, f(vavs) =7, f(v3vg) =
fvavs) = f(vsve) = fvev)) =9, flvw)) = flvva) = flvvs) = 2, f(vvg) = fvvs) =
3, flvve} = 4, f(viuy) = flvama) = f(vaus) = f(vaua) = 8, flvsus) = f(vetis) =
9, flvuy) = |, flvip) = 2, flvuz) = 3, flvug) = 3, f(vus) = flvig) = 5

For Fi5

f» =1, fn) =8, f(vz) =9, fva) = 10, f(vs) = f(vs) = flvg) = flvy) =
fvg) = 11, flur) = f(u) = flus) = flug) = 1, flus) = 2, flug) = 3, flu7) =
4, flug) = 5, f(viva) = 10, f(vav3) = 9, fvava) = 8, f(vavs) = 12, flvsve) =
LL, flvevs) = 10, f(v7vg) _

=9, f(vgv;} = LL, flvvy) = flvvg) = flvis) = flva) =2, fvvs) = 3, flvvg) =
4, flvvg) = 5, flvwe) = 6, f(viuy) = fvaua) = f(vaus) = f(vaua) = fvsus) =
flvstig) = f(vsuq) = f(vgug) = 10, f(vul) =1, flvin) = 2, f(vuz) = 3 f(vu4)
Sflvus) = flvug) = flvug) = flvug) =

Case(it): n > 7,n 2 8.

We construct the function f as follows:

Sy =1,

ﬂw)z{n«:lu, if 1<i<k-n+l

k, - if k—n+2<isn
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L, if 1gigk-n+1
fu)=3i—k+n ifk-n+2<i<n-1

k-n+1 if i=n

R if 1<i<k-n+1
fvu)y=<k=-n+1, ifk-n+2<gi<n-1;

2n -k if i=n;

2, if 1 gi€k—-n+1
flw) = . f L
n—k+1+46 ifk-n+2<i<n
| n+2, iflzigsn-1
Jvig) = f .
\ An+ 1 -2k, if i=n;

n+3—1, if1£igk—n
f(V:Vr+I)—{n+3’ if i=n
Jfvvic)=3n+4—-k-iik-n+2<isn

From the definition of f, all the vertex and edge labels are at most k.

weights are

wilvig) =2+, 1 <i<n;
wtw)=n+2+il £i<n;
2n+244, if Igigsn—-1

withh) = 3n+2 if i=n

WYL g) = n+2+i, if l1gsi<k-n
2n+k+3, (f{:n’

wilvivic)) =3n+4d+ k=i k-n+2<i<n

The edge

Hence the edge weights are {3,4,5,....n+2,n+3,n+4, .., 2n +'2, 2n+3,..3n+
2,30+3,.,2084+24+k2n+3 +kdn+2,4n+ 1,4n,2n+ 4 + k), ThuS the vertex

weights are :

n+34i, ifl1<gi<n-]1

wili;) =
() {5n+2—2k, if i=n.

4n+ 10 -, if 1<i<k-—n
wi(vy) = n+9 -2k, if i=k-n+1
T 18+ 10-2k—i, if k-n+2<isn-1;
On+9 -3k, if i=n
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n K—n+ 1—
wt(v) =k+3+ ) (mn-k+1+0+ il(i)-# ’Zl (k—n+1).
i=k-n+2 i=1 i=k—n+2
Hence the vertex weights are {n +4,n+5,....2n+ 2,5n + 2 — 2k, 4n + 9,4n +
8, ... 5n+ 10—k, 7n+9-2k,9n—3k+8,9n-3k+7,...,7n—2k+11,9n+9-3k} and
all are distinct. From the above two cases, this labeling construction shows that
ts(Fl,) < k. Combining this with the lower bound, we conclude that ts(Fl,) = k.
This completes the proof. Figure 4 shows a totally irregular total labeling of
flower graph Flg. a

Figure 4:15(Fl;) = 9
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